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The first general multicomponent equations for transport through semipermeable membranes are derived from basic 
statistical-mechanical principles_ The procedure follows that used earlier for open membranes, but semipermeability is mo- 
delled mathematically by the introduction of external forces on the impermeant species_ Gases are treated fust in order to 
clarify the problems involved, but the fmal results apply to general nonideal solutions of any concentration. The mixed- 
solvent effect is treated rigorously, and a mixed-solvent osmotic pressure is defmed. A useful specific identitication of so- 
called osmotic flow is given, along with a demonstration that such an identification cannot be unique. Results are obtained 
both for discontinuous membrane models, and for a continuous model. 

1. Introduction 

h-r a previous paper [I] we derived equations for 
transport through open membranes from basic princi- 
ples of statistical mechanics, starting with the classical- 
mechanical Liouville equation. Two problems were 
deliberately bypassed - the detailed structure of the 
membrane, and the description of semipermeable and 
sieving or permselective membranes. The purpose of 
this paper is to extend the results to include semi- 
permeable membranes; that is, to derive the transport 
equations for the components that can pass through 
the membrane, taking into account the effects of those 
components that cannot pass. 

Two fundamental conceptual problems arise with 
semipermeable membranes, both connected with the 
notion of osmotic pressure. The first problem occurs 
already with binary solutions, and has to do with the 
role of the pressure gradient in moving solvent across 
the membrane, a question that has been recognized 
for a long time 12-53. Briefly put, there are two me- 
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chanisms for solvent transport, namely diffusion and 
viscous flow, and the problem is to decide how the 
addition of an impermeant solute affects each one. 

The second problem is more subtle, and arises only 
when there are three or more components in the solu- 
tion, of which at least two can pass through the mem- 
brane. The problem now occurs in the meaning of 
osmotic pressure. The osmotic pressure is usually thought 
of as the pressure that must be applied to a solution to 
raise the chemical potential of the solvent to equal that 
of pure solvent on the other side of a semipermeable 
membrane_ This idea is fine for binary solutions, but 
can be deceiving if the solvent is a mixture of two or 
more components. Then the application of pressure 
will change the chemical potentials of the solvent com- 
ponents by different amounts unless they fortuitously 
have the same partial molar volumes. No osmotic equi- 
librium can be attained in general by the simple appli- 
cation of pressure - some redistribution of the solvent 
components must also occur. The equilibrium aspects 
of this problem were worked out long ago 163, but 
were apparently forgotten until they arose in connec- 
tion wi*th the determination of the molecular weights 
of high polymers using mixed solvents :7] _ The trans- 
port aspects of the problem, however, have never been 
treated quantitatively, as far as we are aware. We give 
in section 4 a generalized definition of osmotic pressure 
that is suitable for the transport problem. 



In order to clarify the physical difficulties involved, 
we begin by considering the simple case of a mixture 
of perfect gases, some of which cannot penetrate a 
membrane that is idealized as a surface of disconti- 
nuity. We have previously used a similar approach to 
discuss membrane transport phenomena [S-IO], 
through the “dusty-gas” model of gas trans_rort in 
porous media- The approach is especially useful in 
problems involving osmotic pressure, as Hobbie [I 1, 
123 has pointed out, because the total pressure is the 
sum of the partial pressures of the components. TEs 
gas model clarifies the fust problem mentioned above, 
but is less clear on the second problem because all 
perfect gases have equal partial molar volumes. How- 
ever, enough insight is obtained to guide a general 
statistical-mechanical derivation. This derivation 
parallels that for an open membrane [l] , but mathe- 
matically models the membrane impermeability by 
external forces on the impermeant components that 
prevent them from moving. The results are compared 
with classical notions of osmotic pressure and osmotic 
flow, and with some previous equations describing 
transport across semipermeable membranes_ The ideal- 
ization of a discontinuous membrane is then dropped 
and a continuous membrane model of nonzero thick- 
ness is introduced, allowing the results to be extended 
in principle (by integration) to cases where the differ- 
ences of concentration, pressures, etc. on the two 
sides of the membrane are not infinitesimal. 

2. Gas mixtures 

The transport equations for a mixture of v perfect 
gases [I ,101 can be rewritten in fmite-difference form 
for an open discontinuous membrane as follows: 

A4 Eo 
=-Ahrpi+-__ RT ,,P_K (AP - CA+) 3 (1) 

1 

due to external forces on i (pi has the dimensions of 
-external force per mole on i multiplied by membrane 
thickness), Ap is the total pressure difference across 
the membrane, and A@ is the total potential energy 
difference across the membrane for all components. 
The total potential difference per unit volume, CA@, 
is 

Y 
CAM =C CiA~i _ 

i=l 

The parameters in eq. (1) are: B. ~ a geometrical con- 
stant of the membrane that characterizes its viscous- 
flow properties; q, the viscosity of the mixture; PiK, 
the Knudsen permeability coefficient of component i 
through the membrane, having dimensions of a Knudsen 
diffusion coefficient divided by membrane thickness; 
and PV, the mutual permeability coefficient of species 
i andj through the membrane, having dimensions of a 
mutual diffusion coefficient divided by membrane thick- 
ness. We have omitted temperature gradient terms from 
eq. (1) for simplicity of discussion, but they are in- 
cluded for completeness in the next section. 

The important thing to notice about eq. (1) is the 
nature of the terms on the right-hand side, which 
drive the transport. The terms A lnpi and Aai depend 
only on component i; only the term (Ap - c A@), which 
drives the viscous flow, refers to the mixture as a whole. 
Suppose we now add to the mixture some gas k that 
cannot pass the membrane, keeping the total volume 
constant. Clearly this added component has no effect 
on the driving terms A Hopi and A~i, nor on the total 
force term CA@ as long as it is given by eq. (2) with 
the summation running only over the permeant compo- 
nents. The only pressure difference that drives the vis- 
cous flow is Z Api, summed over the permeant compo- 
nents only, but the observed total pressure difference 
Ap as read on a pressure gauge now includes the contri- 
bution Apk from the impermeant species k, 

where ci is the molar concentration of component j, 
C = ZCi is the total molar concentration, “i is the trans- 
port velocity of component i (flux density divided by 
concentration), pi ‘its partial pressure, A’i is the poten- 
tial energy difference per mole across the membrane 

Thus the t:rm Ap in eq. (1) must be modified if an im- 
permeant component is added. Other quantities that 
also might conceivable be modified are n, &, Pin, and 
CPii- The quantity & depends only on the membrane 
structure; if we assume the added component does not 
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modify this structure, say by jamming up the interstices 
of the membrane, then & does not change. Similarly, 
PiK depends only on component i and on the mem- 
brane structure, and does not change_ However, the 
viscosity 7 needs modification because only the per- 
meant components flow, but ‘I;I is ordinarily understood 
to mean the viscosity of the entire mixture, including 

impermeant k. Thus g in eq. (1) should be changed 
to no, the viscosity of the mixture before the addition 
of k. The term cPii behaves in a somewhat surprising 
way. The total concentration increases to c from its 
initial value co because of the added component k, 

and the permeability coefficient decreases to Pij from 
its initial value ~j because the added k interferes by 
collisions with the relative motion of i andi. But in 
perfect gases the two effects exactly cancel, and 

(4) 

except for a possible small change in the already weak 

composition dependence of Pij_ 
The resulr of the addition of impermeant species k 

to the mixture of constant volume is therefore to 
change eq. (1) to 

(5) 

A@i Bo 
-- 

= -Ah’Pi’ RT qopiK CAP - APkI _$I CjA+j] - 

The result for the addition of k at constant total pres- 
sure can be obtained from this expression by expan- 
sion of the mixture back to the original total pressure_ 
The form of eq. (5) does not change thereby - all that 
happens is that the various terms change or not accord- 
ing to their various pressure dependences. 

The role of osmotic pressure is quite clear for this 
simple system. The osmotic pressure difference across 
the membrane is just the partial pressure difference of 
the imperrneant COmpOnent, Apk [ 1 i ] _ This is the Only 

pressure difference that remains after the system comes 
to equilibrium in the absence of external forces. In this 
picture the osmotic pressure enters the transport equa- 
tions only as a sort of correction, because a pressure 
gauge reads total pressure but the true driving force is 
the sum of the partial pressures of the penne?nt compo- 
nents oliy. 

It is now straightforward to attempt a generalization 

of eq. (5) to arbitrary nonideal solutions. In order that 
the equation will reduce to the correct equilibrium 
limit, the partial pressures should be replaced by che- 
mical potentials, 

where r_ti is the chemical potential of i, ni its activity 
(with mole fraction as reference state to preserve sym- 
metry with respect to components), and Ap is the total 
hydrostatic pressure difference. Similarly, Apk should 
be replaced by the osmotic pressure difference ATT, 
which can then be expressed in terms of chemical po- 
tential by the Gibbs-Duhem equation, 

Apk+An=ckA’x- _ (7) 

This expression can also be obtained directly via the 
same replacement as used in eq. (6). Finally, we replace 
the Knudsen permeability coefficients PiK by mem- 

brane permeability coefficients PiM to avoid any conno. 
tation of long mean free paths. No other replacements 
appear to be required, and eq. (5) becomes 

5 c~_(rJi-~j)+~$ =-~~(A~i-A~i) 
I IM 

(8) 
- 

- 30 - - 

~“%f 
(A~-CkApk)-cCjA*j] - 

Although this generalization seems plausible, it is 
essentially an empirical guess. We therefore turn to a 
more fundamental derivation in the next section, based 
on the principles of statistical mechanics applied to 
general fluids. 

3. Statistical-mechanical derivation 

We begin with the transport equations for open 
membranes, and then mimic impermeability by apply- 
ing external forces to the impermeant species to hold 
them stationary. In particular, let there be v permeant 
species and r potentially impermeant species; the trans- 
port equations, rewritten in finite-difference form for 
a discontinuous membrane, are [l] 
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for component i, where we have now included the 
thermal diffusion terms for completeness. In particular, 
P$ is a multicomponent thermal permeability coeffi- 
cient having dimensions of a diffusion coefficient di- 
vided by membrane thickness, and A,y is the chemi- 
cal potential difference across the membrane in an iso- 
thermal system with the same local state variables and 
concentration and pressure differences as the real 
system. The physical interpretation of the various 
terms in eq. (9) is straightforward. Of the two sets of 
terms on the left-hand side, the first describes the 
interdiffusion of component i with all the other com- 
ponents, and the second describes the diffusion of i 

through the membrane. The three sets of terms on the 
right-hand side represent the driving forces for the 
transport_ The first set represents diffusion: ATpi re- 
presents both concentration and pressure diffusion, 
via the two terms in eq. (6), and A~i represents forced 
diffusion_ The second set represents viscous flow, and 
the third set represents thermal diffusion_ 

We now suppose that external forces are applied to 
species Y -F 1, ___, Y + 7 to keep them motionless. To help 
keep matters straight, we wiIl now use the dummy in- 
dex k for these impermeant species and keep the in- 
dices i, j for the permeant species. Two obvious changes 
now occur in eq. (9) - all the 7 values of the uk be- 
come zero, and the viscosity q is replaced by no, the 
viscosity of the mixture of permeant species only. 
Because all ux- = 0, we switch r terms from the first 
set of terms on the left-hand side of eq. (9) to the se- 
cond, which becomes 

(10) 

The meaning of this is that the molecules of species i 

must find their way through the now stationary mole- 
cules of the species k, just as they must find their way 
through the stationary particles of the membrane. (The 
term Pinl in fact arose in this way in the original deriva- 
tion.) However, the impediment offered by the imper- 
meant species k must be very small compared to that 

offered by the membrane, urdess the concentration 
of species k is very high and the membrane is very open 
(an unhkely situation for a semipermeable membrane). 
Hence it should be a good approximation to neglect 
the terms involving Pifi, as indicated by the right-hand 
side of eq. (10) above. 

The thermal diffusion terms Pz should also be ne- 
ghgible to a good approximation_ Indeed, the corre- 
spomling membrane terms&were dropped in the 
original derivation of eq- (9) on the basis that they give 
rise to thermal transpiration in rarefied gases, a pheno- 
menon that is already very small for gases at ordinary 
densities and is therefore probably negligible for liquids. 
The P$ terms should be even smaller than P$. 

Eq. (9) thus assumes the form 

where we have explicitly separated the A+, in the 
viscous-flow terms. These AQfi are the only overt 
indication in eq. (11) that we are dealing with a semi- 
permeable membrane, and they are responsible for 
major osmotic flow effects. To evaluate the Aa, in 
terms of measurable quantities, we write eq. (11) for 
one of the impermeant species k, solve for A+, , and 
substitute back. Since the impermeant species undergo 
no viscous flow, or any other motion for that matter, 
we drop the viscous-flow terms from eq. (11) and ob- 
tain 

from which 

(13) 
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where 

(14) 

Substituting back into eq. (11) we obtain our final 
result, 

(1% 

Except for the terms in ~3~ and the additional thermal 
diffusion terms, this result is the same as eq. (g), which 
has guessed by analogy with gas mixtures_ 

We surmise that the terms in ax- will be negligible in 
most cases of interest, but we are not certain that they 
will be negligible under all circumstances, and so have 
kept them to play safe. Their physical significance is 
that they represent the interference of the stationary 
irnpermeant components with the viscous flow of the 
permeant components, which is our main reason for 
expecting them to be small. For simplicity of discussion, 
we shall henceforth ignore the ~5~. 

Transport equations for discontinuous membranes 
are necessarily written in finite-difference rather than 
differential form. Since the equations we have so far 
used represent linear relations between fluxes and 
driving forces, the finite difference must generally be 
small in order for linear relations to be accurate. In 
particular, for an open membrane the A,~j, Aai, Ap, 
and A In T should all be small. But for a semipermeable 
membrane only the difference (Ap - Zcx- A,,u,) for 
the impermeant species must be small to maintain 
linearity, and neither Ap nor ATpk must necessarily 
be individually small. However, our derivation starting 
from the equations for an open membrane has forced 
A-,-JQ to be small, since the cx- in the slammation be- 
comes ambiguous unless AC, is also srnal. This limita- 
tion will be removed when we consider a continuous 
membrane model in section 6. 

4. Generalized definition of osmotic pressure 

We now wish to check how the foregoing analysis 
has dealt with the “mixed solvent” problem mentioned 
in the Introduction. Suppose we let a multicomponent 
system come to equilibrium across a semipermeable 
membrane. The temperature will then be constant, and 
for simplicity ler there be no external forces on the per- 
meant components_ Then in eq. (15) all the terms vandsh 
except Ap and AJQ. The APT stay essentially at their 
initially fned values, and Ap adjusts so that at equili- 
brium the fluxes vanish and 

(16) 

The same relation can be obtained directly from the 
Gibbs-Duhem relation, 

(17) 

since Api = 0 for all v of the permeant species at equili- 
brium_ We now ask whether an equilibrium osmotic pres- 
sure difference across the membrane, An, can be de- 
fined thai is equal to Ape4. The answer is unambiguousIy 
yes if there is only one permeant species (solvent), but 
the matter is less simple if there are two or more per- 
meant species (mixed solvents). in particular, it is im- 
portant to specify very carefully what is meant by osmo- 
tic pressure. 

To fuc ideas, we consider a three-component system 
consisting of permeant species 1 and 2 (solvents) and 
an impermeant species s (solute). The generalization 
to an arbitrary number of components is obvious once 
the fundamental difficulties are resolved_ The situation 
at equilibrium is illustrated schematically in fig. 1, 
which serves to define possible generalized osmotic 

pressures. 
Consider first the equilibrium between the solutions 

in the two main compartments of fig. 1, across the 
membrane of interest_ By defmition we would have 

A% zp”- p’, and the chemical potentials are equal, 
~1 = p;, J.L> = ps_ Assuming for simplicity thai partial 
molar volumes are independent of pressure, we can 
write 

A~i= ViAp + RTAlnQi ) (1% 

where i = 1,2_ Using the relation ,u: = ,u’; , we obtain 
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p++=yTjy 1 -a;“:q- 

t 
p’- 7’ p’ r’, 

Fig. l- Schematic diagram for discussion of osmotic pressure in 
mixed solvents. The membranes indicated by dashes pass both 
1 and 2 but not s, whereas the dotted membranes pass only I_ 
For simplicity the partial molar volumes are assumed to be 
nearly constant. 

I/i(p”- p’) + RTln (ay/ai) = 0 _ (1% 

Writing this result for each component, we obtain a 

relation for the relative concentrations of 1 and 2 in 
the two solutions, 

- 
A&q up”-p’=(RT/V~)ln(a;/a;) 

- 
= @T/V2) h (45) , 

in agreement with Wall [7] _ 
A simple relation between Ape, and an osmotic 

pressure can be obtained if we consider the equilibrium 
between solution and pure component 1 (or 2) across 
a special membrane permeable o?z?y to 1 (or Z), as 
indicated by the upper auxiliary compartments in fig_ l_ 
This special hypothetical membrane is indicated by 
dots to distinguish it from the membrane of interest, 
which is indicated by dashes. At equilibrium the cherni- 
cal potentials in these auxiliary compartments are 
equal to those in the main compartments, 

fli (pure 1) = P; = P’; = fl; (pure 1) , (21) 

with similar relations for component 2. From the outer 
equality, N; (pure 1) = cl’; (pure 1), we obtain an expres- 
sion like eq. (lg), but now Q; (pure 1) is necessarily 
equal to Q’; (pure 1) by virtue of the definition of ac- 
tivity. Thus we find 

A&q 
+‘_p’=7” ,1-5i;=K;-il-;, (22) 

where the definition of the z’s is clear from fig. 1. 

Thus &e, is equal to an osmotic pressure difference, 

but not one defined across the membrane of interest. 
The multicomponent generalization of this result is 

APeq = Ai;-, where A~i is measured across a special 
‘membrane permeable only to species i. For use in trans- 
port equations, we will defme the mixed solvent osrno- 
tic pressure to be this Airi. 

Another plausible defiiltion of osmotic pressure 
that leads to AZ f Apeq is indicated by the lower 
auxiliary compartments in fig_ 1 _ According to this 
part of the diagram, we would define the osmotic pres- 
sure of a solution of (1 + 2 -t s) as the equilibrium pres- 
sure difference between it and a solution of (I+ 2) a 
across a membrane permeable to 1 and 2 and imper- 
meable to s (that is, across the membrane of interest)_ 
The relative concentrations of 1 and 2 in the solution 
and in the mixed solvenr will in general be different 
unless the partial molar volumes are fortuitously equal, 
as indicated in the Introduction. At equilibrium we have 

(23) 

From the outer equality, & = yy”, we obtain via eq_ 
(18) the result, 

(P”- n”) - (p’-5~‘)~ Ape, -Air= (?~T/~)~(Q~]Q~“), 

(24) 

where AX G z”- X-I. Thus 
less Qi”’ =-QF”, 

Ap eq is not equal to Asr un- 
which will not in general be true unless 

all the partial molar volumes are equal. The multicom- 
ponent generalization of eq. (24) is straightforward: 
the general definition of Apes is given by eq. (16), 
the summation running over alI irnpermeant components 
and the relation to Arr is still given by eq. (24), where 
the subscript i refers to any permeant component. 

Finally, we should mention that Ape, is not equal 
to the pressure difference that will just stop volume 
flow when the system is not at equilibrium, as might 
perhaps be expected, except’ for a binary system [7] - 
(See eq. (31) of section 5 following.) 

In summary, osmotic pressure can be an ambiguous 
term for multicomponent solutions unless the properties 
of the membrane involved are carefully specified. For- 
tunately, the deftition of the pressure-difference cor- 
rection in the transport equations is unambiguous, even 
though its relation to a plausible conventional osmotic 
pressure difference is not always simple. 
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5. Identikation of osmotic flow 

We turn now to the other problem mentioned in the 
Introduction, namely the difference between diffusive 
flow and osmotic flow, or the role of the pressure gra- 
dient in moving solvent across a semipermeable mem- 
brane. The idea that such a distinction can even be 
made seems to be based on simple arguments somewhat 
like the following. Consider pure solvent on both sides 
of a membrane with no pressure difference and no ex- 
ternal forces, and add solute to one side only, keeping 
the pressure difference zero. The added solute reduces 
the chemical potential of the solvent, so that solvent 
begins to diffuse through the membrane into the solu- 
tion. This is all that happens if the membrane is per- 
meable to the solute as well as to the solvent, except 
that a counterdiffusion of solute will also occur. If, 
however, the membrane is impermeable to the solute; 
the transport of the solvent is usually much faster, 
and one speaks of an additional “osmotic flow” of the 
solvent, driven by the osmotic pressure difference. 

Although some objections can be raised about the 
foregoing picture, it is interesting that our present equa- 
tions do give a definite interpretation to the distinc- 
tion between diffusive and osmotic flow. To show 
this generally, we rewrite eq. (15) in somewhat simpli- 
fied form, 

where 

v-l-7 

Apeq = c 
k=vtl 

CkATpk ’ 

Y 

CA@& cjA3 _ 
i=l 

(27) 

The only difference between eq. (25) and the corre- 
sponding equation for an open membrane [l] is the 

term Apes. which is equal to the conventional osmotic 

pressure for a binary mixture. Clearly this term contri- 
butes only to the viscous component of the flow, since 
it occurs associated with the factor B&O_ Moreover, 
if the total (external) pressure difference Ap is zero, 
then the pressure difference Apeq must lie within the 
membrane. Thus eq. (25) implies that “osmotic flow” 
is a viscous flow driven by an internal pressure gradient, 
in agreement with many current ideas [3-53 _ 

To make the identification of osmotic flow more 
specific, consider the simple case of pure solvent 
(subscript w) on the left of a membrane and a solution 
(solvent w and solute s) on the right, assumed ideal 
(ai = xi) and with uniform temperature and no external 
forces. From eq. (25) the flux of solvent is 

J, = cw uw = -cPwM Ax, - (c, p,, PwM /RT) Ap 

- (c&/nw)A~+ (c,~~/v,)AP, - (28) 

The four terms on the right-hand side represent concen- 
tration diffusion, pressure diffusion, viscous flow, and 
osmotic flow, respectively. Just as in the case of gases, 

Ape, in both eqs. (25) and (28) appears in the role of 
a correction to Ap; that is, the difference (Ap - Ape,) 

is the pressure that is effective in driving viscous flow. 
If we assume that the external pressure difference Ap 
is zero and that, for simplicity, the solution is dilute, 
then in the first term we have CAX, = c(-Ax,) = 
-AC,, the second and third terms vanish, and in the 
fourth term we have Ape, = cs Aps = RTAc,, so that 
eq. (28) reduces to 

Jw =PwM AC,+ (cBoRT/qw) AC, _ (26 

Here the first term on the right represents diffusive flow 
and the second represents osmotic flow. If the mem- 
brane is open rather than semipermeable, we instead 
obtain 

Jw =pwM [l+ (pm/psw)] -I AC, > (30) 

which represents only diffusive flow. The diffusion terms 
in eqs. (29) and (30) differ because there is a counter- 
diffusion of solute in the latter case. (Further differences 
appear if the solution is not ideal and dilute, caused for 
example by volume changes on mixing and by the contri- 
bution of solute flux to net volume flow, but these are 
not essential for the present purpose of identifying 
osmotic flow.) This simple case illustrates how osmotic 
flow is neatly separated from diffusive flow by the 
present equations_ 



198 LX dd Casrillo et aL/Passive ZranspSr rhrough semipemzeahle membranes 

A possibly more familiar equation involving osmotic 
flow in a dilute two-component system is [3--51 

Jv = -L,(Ap - An) , (31) 

where 1, = cwtlw vv, 9 cstls v, is the so-called volume 
flux, Lp is the hydraulic coefficient, and Arr is the 
osmotic pressure difference. (We have included a mined 
sign in eq. (31) for consistency with the other sign con- 
ventions used in this paper.) For a binary system we 
have Apes = AZ, and eq. (31) follows immediately from 
eq. (25), with L, identified as 

Lp=Pwh~ICRT+i?&w - (32) 

The diffusive and viscous contributions appear separa- 
tely in L, and can be identified as such if desired. Eq. 
(29) of the previous paragraph is equivalent to Jv = 
L, Air. 

Two objections may be raised at this point, one 
somewhat technical and the other more fundamental. 
The first objection is that osmotic flow rapidly creates 
a layer of nearly pure solvent on the solution side of 
the membrane, thereby reducing Ap_ across the mem- 
brane and nearly stopping the osmotic flow until the 
layer is substantially dissipated by diffusion. Thus in 
real cases the overall transport may be diffusion con- 
trolled, and osmotic fiow as such may play only a 
minor role. This proble*m can be avoided by limiting 
observations to an initial period before the solvent 
layer builds up appreciably, or by dissipating the layer 
through strrring or rapid by-flow past the membrane 
surface. A good account from an experimental point 
of view has been given by Heyer, Cass, and Mauro [13]. 

The second objection can be aptly summarized by 
a quotation from Onsager [I43 : “Viscous flow is a rela- 
tive motion of adjacent portions of a liquid. Diffusion 
is a relative motion of its different constituents. Strictly 
speaking, the two are inseparable; for the ‘hydrodynamic’ 
velocity in a diffusing mixture is merely an average 
determined by some arbitrary convention.” In other 
words, the distinction we have drawn between diffusive 
and osmotic flow is arbitrary. This objection is fimda- 
mentally correct, and the most we would care to claim 
for our identification of osmotic flow is that it is useful, 
although not unique. 

We can dramatize the non-uniqueness of any identi- 
fication of osmotic flow by algebraic manipulation of 
eq. (25) to eliminate the viscous-flow terms. The result- 
ing equations look like the Stefan-Maxwell equations 

for pure diffusion, but the permeability coefficients 
Pii and Pinl are modified and contain contributions 
from viscosity. We follow the same method as used for 
open membranes [1,10], multiplying eq. (25) by Cj, 
summing over all species i, and using the Gibbs-Duhem 
relation in the form, 

The terms involving Pii and Pz sum to zero and the 
resulting equation can be solved for the quantity (Ap 

- Ape, - CA+), which is substituted back into eq. 
(25) and the result manipulated into the form, 

=- RLT (AT pi - A@,-) - 5 ‘4 A In T - 
j=l CPij 

(34) 

The thermal diffusion terms are unchanged, but the 
permeability coefficients Pii and Pihl are transformed 
into “effective” permeability coefficients or transnus- 
sion coefficients, defined as 

(35) 

The characteristic indication of osmotic flow, namely 
the term Ape , has disappeared. The only clue that 
eqs. (34)-(363 might refer to a semipermeable mem- 
brane is that the summations run over only the permeant 
components and omit the impermeant ones. The equa- 
tions for an open membrane [I J in the Stefan-Maxwell 
form look exactly like eqs. (34)-(36), but the summa- 
tions run over all components. 

Eq. (25), with explicit viscous-flow terms, is mathe- 
matically the same as eq. (34), in which viscosity ap- 
pears only in the coefficients. Which form to use is a 
matter of taste or convenience, as is our identification 
of osmotic flow through the term Apeq. If there is 
some advantage in discussing viscous flow or osmotic 
flow separately in a particular problem, then eq. (25) 
is useful; if a unified treatment of both open and semi- 
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permeable membranes is desired, then eq. (34) might 
be preferable because it has the same form for both 
cases. 

Adopting our identification of osmotic flow for 
purposes of discussion, we now inquire about the me- 
chanism involved in producing such flow. This appa- 
rently irrelevant question is in fact connected with two 

problems; the validity of one-dimensional descriptions 
of membrane transport, and the validity of a local 
averaging or coarse-graining over the open volume of 
a membrane, which is an essential feature of our statis- 
tical-mechanical approach_ Anderson and Malone [S] 
have made detailed calculations of osmotic flow for a 
model membrane consisting of a system of long paral- 
lel cylindrical pores, with a model solution consisting 
of a dilute suspension of spherical particles in a con- 
tinuum Newtonian fluid. They find that an essential 
feature of their results is the force exerted by the 
pore wall on the solution. Since this force is perpendi- 
cular to the direction of transport, there is an implica- 
tion that one-dimensional treatments of transport may 
be inadequate [5], and that coarse-graining assump- 
tions may discard important information [ 15]_ These 
are valid points, and it is of course obvious that some- 
thing must have been discarded by such assumptions_ 

The matter can be clarified by consideration of 
the specific case of osmotic flow. According to the 
work of Anderson and Malone, the driving force for 
osmotic flow is a pressure gradient inside the pores, 
which arises because the pore walls exert forces on the 
solute particles perpendicular to the transport direc- 
tion_ However, our derivation in Sec. III shows that 
the osmotic effects in semipermeable membranes, in- 
cluding an internal pressure gradient, can be accounted 
for by assuming only that some force exists that pre- 
vents the transport of the impermeant species. The 
origin and nature of this force are not relevant to the 
general problem of finding the correct form of the 
transport equations. ln other words, our statistical- 
mechanical approach yields the form of the transport 
equations regardless of the detailed mechanism or 
mechanisms involved on a microscopic scale. The infor- 
mation lost is knowledge about the transport coeff- 
cients thermselves - they appear in the theory as 
undetermined quantities that must be measured experi- 
mentally or calculated from a detailed microscopic 
model. 

We thus conclude that course-graining and one- 

dimensional treatments are safe as long as the trans- 
port coefficients are handled empirically. They are 
certainly likely to be inadequate for relating the 
coefficients to specific properties of the membrane 
and the solution, a conclusion in complete agreement 
with Anderson and Malone. 

6. Continuous membrane model 

In our results so far we have used fmite differences 
across the membrane, and treated the membrane as a 
surface of discontinuity. We have thereby dodged all 
questions involving the structure of the membrane and 
the mechanisms for producing osmotic effects, in order 
to concentrate on the problem of the form of the 
transport equations in general The penalty for this 
generality is that we are restricted to small differences 
across the membrane, so that the linear transport equa- 
tions will be accurate. To escape this limitation to the 
linear regime we need to formulate local differential 
equations (rather than finite-difference equations), 
which can be integrated across a membrane of nonzero 
thickness. We must therefore construct a model of a 
semipermeable membrane that has nonzero thickness 
and is continuous in the sense that it is reasonable to 
imagine integrating a differential equation across it. 

Such a model is quite easy to construct_ Since 
impermeant species cannot enter the membrane, it is 
reasonable to represent the membrane front surface as 
a plane that is impermeable to some species and perme- 
able to others, and the body of the membrane as per- 
meable to the species that can pass the front surface. 
ln other words, we model a finite semiperemable mem- 
brane as a semipermeable surface of discontinuity plus 
an open membrane. From an element such as this, very 
complicated models of finite membranes can be con- 
structed by combining different elements in series and 
parallel. 

Across the surface of discontinuity we use eq. (25) 
or eq. (34), and in the body of the membrane we use 
the corresponding differential equations for an open 
membrane, which are [ 1] 

(37) 
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where the X’s are external forces, the D’s are diffusion 
coefficients, and the E’s are effective diffusion coeffr- 
cients related to- the D’s by the same set of equations 
that relate T’s to P’s for a discontinuous membrane, 
namely, eqs. (35) and (36). 

A further simplification may often be possible, if 
the open portion of the membrane element is thick 
enough to be rate-limiting for the fluxes. Then the 
permeant species will be essentially in equilibrium 
across the discontinuous surface, and eqs. (25) and 
(34) can be replaced by equations for the continuity 
of the chemical potentials, e.g., Arz, = 0. If the ex- 
ternal potentials are not continuous across the sur- 
face (A~i + 0), then the total potentials must be 
continuous, A/+ - A aj = 0. This condition on 
the continuities of chemical potentials across mem- 
brane surfaces in general was proposed some time 
ago by Kirkwood [163, and has often been used 
since. Of course, there will always be a pressure 
discontinuity across the surface if any impermeant 
species are present, but this will be equal to Apeq and 
can be calculated from eq. (26) if Ack and A,& are 
small. If they are not small, then Ape, should be cal- 
culated from the usual equation for osmotic equilibrium, 
obtained by integration ‘of the Gibbs-Duhem relation, 

In other words, we use equilibrium conditions across 
the impermeable surface of discontinuity to establish 
the boundary conditions just within the membrane 
surface, and then treat the rest of the problem as a 
matter of integration of the transport equations for 
an open membrane through the body of the membrane. 

A schematic diagram of such a finite membrane 
element is shown in fig. 2. The internal pressure gra- 
dient, whose importance has been emphasized by Mauro 
[3,43 and by Anderson and Malone [53 among others, 
shows up clearly on this diagram. Membrane models 

semipermeable 

Yface 
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Fig. 2. Schemaiic diagram of an element for a continuous 
model of a semipermeable membrane, showing surface diswn- 
tinuities and internal gradients. 

of this sort have been proposed and used by many 
workers, and we make no pretense of originality here. 
Our only aim is to show how this model can be used to 
escape the restriction to linear finite-difference trans- 
port equations that is imposed by the representation of 
the entire membrane as a surface of discontinuity. 

7. Discussion 

The present results, as far as we are aware, represent 
the fast general formulation of transport equations for 
semipermeable membranes. This contrasts with the 
previous results for open membranes, in which essen- 
tially known equations were put on a better fundamental 
basis. Two new results that arise with semipermeable 
membranes are the so-called mixed solvent effect in 
osmosis, and the identification of osmotic flow, in- 
cluding a demonstration that such identification cannot 
be unique, however useful it might be. 

Problems involving detailed structure of the mem- 
brane have been deliberately avoided. They are sepa- 
rated off into problems concerning the determination 
of the transport coefficients, or the integration of the 
transport equations subject to given boundary condi- 
tions. By concentrating on just the general mathemati- 
cal form taken by the transport equations, we have 
sacrificed the ability of calculate any transport coeffi- 
cients or to discuss detailed mechanisms of transport. 
The answers to such problems must come from an- 
other sort of theory entirely. 
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The reader may wonder whether we could have 
mimicked semipermeability by manipulating magni- 
tudes of the transport coefficients in the equations for 
an open membrane, instead of introducing fictitious 
external forces to keep the impermeant species from 
crossing the membrane_ This trick does not work be- 
cause the fiial equilibrium states are different when a 
species cannot pass a membrane at all and when it can 
pass it only slowly and with great difficulty. That is, 
if a species has a nonzero probability of crossing the 
membrane, it will eventually do so, no matter how 
small the probability is made. This latter situation ap- 
plies to the problem of transport through sieving or 
“leaky” membranes, which we hope to treat in future 
work. 
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